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M O D F L E  IIYNAMIQUE D E  LA TRANSMISSION D E  LA 
SYNAPSE C'HOLINERGIQUE 

I<i.\t~rni. I.;( cl~ll'u\ion ct la con~crsion dc AC'h de I'une dc \cs formci clans ilnc n11t1-c rc\pon\ahlc 110111 la 
transml\slon tic\ impulsions ncrceu\cs d m \  les synapse5 cholinergiques cst dccrltc a11 rnoyen dc cincl C ~ L I ~ L I I O I ~ S  

d~lll:rc~il~cllc\ \irn~~lta~ii:c\ ct ord~li;i~rc\. 
Zli~,\-l.I<,/\ 'LlodC'lc ~iia~Iii.rnatltl~~e d)namiq~~c. tran\mission synaptlillle c h o l ~ n c ~ - ~ ~ c l ~ ~ e .  \~niula t~o~i  :I 1'01-dinatc11i- 

INTRODLJCTION 

The I;)llowi~ig basic liqpotlieses with respect t o  tlie 
11-:lnsrnission of ncrcc impulses in the cholinergic 
s)nap\<:< arc a \ \ ~ ~ r n e d  in tlie present model: 

( i )  Tlicrc exist two fornls of acet)Icholinc (ACli) in 
11ic prcs) naptic area:  'kec' ACli and ACh hound to the 
sjnal'tical vc\~clcs (IsI-acl rt ill., 1970: Marclibanks. 
1075: lsr:~cl iJ i  111.. 1979). 

( i i )  7'hc llcrkc i~iipul\cs reach the prcsjnaptic 
mcmhl-:rne and change ~ t s  permeability. resulting in 
rclc:~sc of'fl-ec' ACli into the sbnaptic clelt ( I I ~ l n a n t  cJr  
trl.. 1073: Maclntosli anti C'ollicr, 1976). By intenshe 
actihity oftlic synapse the decrease of'frce' ACli in the 
l>rc\j~l:~l'tic /one lcacis to  the decline of vesical AC'li 
u hich pa~.ticipatc\ in the transmibsion process. 

( i i i ~  I 'hc 'frec' AC'h I-elcascd in the clcft binds the 
\pccilic ACh receptors on tlie postsynaptic membrane 
(Nacllman\olin. 1961). ACli produces a conSol-- 
mational change of the receptor protein and the 
I-c\r~lting shift ofcharge triggers a sequence ofreactions 
rcspo~l\ible fol- the perlneabilitq of tlie postsjnaptlc 
mcnlhranc (Hcicirnann and C'hangc~~x.  1978). 

( iv)  Tllc next step is an almost instantaneous 
hycl~-olq~i\  of tlic ACh by tlic elizymc acetjl- 
cholincstcrasc (A<'IiE). The products of tlie lijdrolysis 

dilfusc back to  the presj naptic /one n11ci arc ~ ~ s c c l  I)!- 
new synthesis of ACh (Silver. 1974). 

Our  lirst pul-pose is to  describe matllcmatic* tlic 
difusion and conkersion of A('h in the sjnaptic 31-c;~. 

MATHEMATIC'AL M O I I F L  

F i g ~ ~ r c  1 \liows a sclie~iin of the sqnaptic area: 
imagine a circular cylindc~. H perpendicular to  the 
plane ol" the s jnapt ic  membranes. h o ~ ~ ~ l d  h\ the planc 
section .21 of the  postsyn~rptic mc~nbranc  a n d  the plane 
section N which outlines the beginning of tlic 
prcsynaptic 7onc. The r cc t ang~~ lc  on Fig. I presents a 
planc section of 11. The volume of I 3  can he ccins~dc~.cci 
as sum of t l ireevolu~nes I/;, + I.', + V2: I;, IS  lI1e ~o1111iie 
of all the \#esiclcs in 11, I,;, + C;  is the columc of the 
prcsqnaplic ronc. and V2 is the \.olunic of the synaptic 
clcft. Since the kolurncs V,. C'?. 1; arc small ~ v c  maq 
consider average concentrations in c\cry volume 
instead of collcentrations in every point of 13. This 
saves the nccc\sitq of introducing partial dill'crcntial 
equations in the model. 

Consider first the rate of change of the cjuantltj 01' 
the vesical acetylcholine ( A ,  ) nit11 timc. Assuming that 
A ,  convcrts only into 'frec' acetylcholine ( . A ,  1. i.e. the 
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ACh bounding the receptor R  on the postsynaptic 
membrane: 

0 0 Q Q o O ~ d ~ 0 0 0 \ 0  
\ 

PtSM t---_____..__.a 

t 
M 

Av-acetylchdlne vesicles, PSM- presynaptlc membrane 

AChR -acetylchol~ne receptors, PtSM - postsynaptic mem- 

brane H - the space of conslderatlon In the model 

t. if. I .  Sq11ap\c. 7 ' 1 ~  \pace of co~lsideration 1s denoted bq H 

vcs~cles do not pour out directly Into the cleft, we may 
write 

where K ,  is a parameter characteri7ing the per- 
meability of tlie vesical membranes. 

Noticing that A,,- increases by the quantity of A,.. 
which is poured out from the vesicles, we have 

l l ( V ~ [ A , ] ) i l t  = / ? , ( [ A , ]  - [ A , ] )  4 

In  the right-hand side we must also subtract a term 
accounting for the decrease of A,. caused by the 
difTusion of A,. through the presynaptic membrane 
into the cleft. This term is proportional t o  the 
diffrence of the concentrations of A].  and of ACh 
released in the cleft 4 ,  with some coefficient K, 
characterizing the permeability of the presynaptic 
membrane and hence of the form K , ( [ A , ]  - [ A , ] ) .  
Finally we add a term P. accounting for the new 
synthesis of ACh in tlie presynaptic area. Thus  the 
equation for A ,  obtains the form 

- R , ( [ ~ f l  - [ A , ] )  + P. 

Tlie quantity V, [ A , ]  of ACh released in the synaptic 
cleft incrcascs by the quantity of ACh difusing 
through the presynaptic membrane, which is equal to 
/?,,([A, 1 - [ A , ] ) ,  and diminishes by the quantity Q of 

(3) d(V2 [ A , l ) l d t  = R , ( [ A l  I - [ A , ] )  - Q.  

Equations (1)-(3) describe the diffusion of ACh 
through the membranes. Next we describe the 
interaction of the ACh in the cleft with the receptor R  
on the postsynaptic membrane, producing the 
complex R A  and the subsequent dissociation of R A .  
The complex R A  dissociates into the receptor R  and 
some products S from which ACh is produced in the 
presynaptic rone later on:  

Here K + ,  and K - ,  denote the rate constants for 
bounding and dissociation of the complex R A ,  K t  IS  

the rate constant for the reaction R  A  + R  + S :  K  - is 
assumed to be zero according to  the fact that the 
reaction R  + S + R A  is of very low rate and can be 
neglected. 

Thus  we have 

t l [ R A j / t l t  = K + , [ A , ] ( [ R ]  -- [ R A ] )  

where [ R ]  = const. is tlie concentration of all 
receptors and hence [ R ]  - [ R A ]  is tlie concentration 
of the free receptors. 

In the following we assume that the volumes 
V , ,  V 2 ,  V3 are constant in time. Multiplying the last 
equation by V2 yields 

V 2 ( K  I + K + 2 )  [ R A ]  

Equation (4) shows that tlie quantitk of ACh 
bounded to R  increases by V2 K + , [ A , ] (  [ R ]  - [ R  A ] ) .  
This should be equal to the quantity Q in equation (3 )  
since ACh in the cleft diminishes by tlie quantity Q ,  

Consider now the rate of variation of the quantitk S 
of the products obtained from the dissociation of thc 
complex A R .  The concentration of these products in 
the synaptic cleft at  time t will be denoted by [ S ] ( I ) .  
Then S  = V, [ S ] .  According to the mass-conservat~on 
law tlie quantity S isequal t o  thequantity ofthe newly- 
synthesized ACh. Tlie increase of S is as great as tlic 
decrease of the ACh bounded to the receptors on the 
postsynaptic membrane. The decrease of S is as great 
as the quantity of the newly-syntliesired ACh in the 
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presynaptic Lone. These arguments lead to the value h in coniparison with its normal value tr. T~ILIS  we 
ecluation: Put 

( 5 ' )  t / ( V ,  [ S ] ) / r l t  = V , ( K - ,  + K + ? )  [ R A ]  - P. 

where P is the term appearing in ( 2 ) .  
Clearly P is proportional to the difference 

[ S ]  - [A , . ]  with acoetficient K,,. > Odenoting the rate 
o f  ditl'usion of the products S  of the dissociation of A R  
on the postsynaptic membrane to the presynaptic 
membrane. Thus ( 5 ' )  may be written 

( 5 )  t l (V,  [ S ] ) / i l t  = V , k ' * [ K A ]  - k , , . ( [ S ]  - [ A , ] ) ,  

&herein K,= K  , + K + , .  
Fqua t~on  ( 2 ' )  o b t a ~ n s  the form 

( I .  if I [ A , ] ( t )  - [ A , , ] ( I ) ~  5 2:. 
K ,  = K , ( t )  = 

h. i f  ( [ i l j ' ] ( t )  - [ A ,  ] ( t  11  > i:. 

where i ;  is a threshold value. 
The parametre K ,  characterizes the permeability of 

the presynaptic nienibrane with respect to ACh. We 
assume that K ,  depends linearly on the frequency V  of 
tlic arriving nerve inipulses, K , ( t )  = K , . ( t )  + K,, , .  

The function r1 is an  input function for the system (6) .  
The output function is the concentration [ K A ]  
responsible for the potential generated o n  the 
postsynaptic membrane as a result of the binding of 
ACh to [ R ] .  

Let us look now at the mathematical problcnl. We 
( I (  V ,  [ A ,  );dt = - K,.( [ A ,  ] - [ A , . ] )  have the system (6)  of five ordinary ditrcrentinl 

( 2 )  - K , ( [ A , . l  - [ A , ] )  equations ~ i t h  unknown positive parameters r r .  h. i : .  K. 
K  ,,,. K , ,  K,, K,,, and [ R ] .  The problem i a  to lind 

+ K , . ( [ S l -  [ . 4 / 1 ) .  values for these parameters so that the O L I ~ ~ L I ~  f~~nct ic)~i  
[ R A ] ( t )  reacts to the input function ~ ( t )  in a 

With some approxin~ation we further assume that reasonable way. 'Thus we have :I parameter 
6, = V,. Denotingfurther K + , by K,and V2;vo = rwe  identification problem for the system (5). There are no 
arrive at the system convenient methods for solving this problem b e c a ~ ~ s c  

the coelticients K ,  and K ,  are nonlinear fu~~ct ions .  We 
have treated our  problem by means of computer 
simulation. 

C O M P U T E R  SIMULATION 

- [ A , ] )  + K , , . ( [ S l  - ( A , ] ) .  We shall f rst find the equilibrium state of the system 
(6 )  corresponding to a minimal activity of the synapse. 

K  , 
r l ' A r l  = ( [ A , ]  - [ A y ] )  - K , [ A . ] ( [ R ]  At ccluilibrium the impulses transmitted through the 

t / r  nerve have some niininial frequency to \~~liicli 
- [ R A I ) ,  corresponds a minimal value K,,,,, of K , , ( I ) ,  such that 

t l [ R A ]  K , ( t )  2 K,,,,, for all t  2 t o .  At ccluilihrium i t  holds 

t / ,  
= K , [ A , I ( [ R l  - [ R A I )  - K , [ K A l .  K ,  = 11 as well. The stable state [A , . ] , , .  [ A ,  I , , .  [A,],,. 

[ R A ] , ,  [ S ] , ,  of cystcni ( 6 )  annihilates the derivatives 
and thus satisfies the algebraic ecluations 

( [A, .] , ,  - [ A ,  1,) = 0. 
mhere K ,  = K,, V,,, K ,  = K,/v,. K ,  - K,/Vo and all 
the concentrat~ons are taken a t  the moment t  - 1 r i  [ A , ] , ,  - [ A ,  I , , ) -  k,, , l ( [ A ,  lo - ;  lo) 

Next we give some explanations with respect to the 
p:~ronicters K ,  and K , .  

The parameter K ,  characteri7cs the permeability of ( 7 )  
the vesicle menloranes. We may assume that K,.  can 
take two different values depending on the magnitude 
of tlic dilkrence [ A ,  ] - [:I, 1 between the con- 
centrations of the bounded and free ACh in the 

K,,.o 
. ( [ . ~ / . I , I  [ . , lYIo)  - K,[A,] , j i  [ R ]  

- [ R A ] , , )  = 0. 

K , [ A y I o ( i R I  - [ R A ] , , )  - K , l [ K A ] , ,  = 0. 

prcsynaptic 7one. I f  this difference is too great the 
. . ,,.~+.. .<. ,-r,l.,. ,..,..,>-,,A : .-,- ..,.,*,~,,- ...- A I/ +, ,I , , . -  ,% ,...,., >+,... 
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This system ~ - c d ~ ~ c c s  to four equations. so in order to 
dctcrmi~ic the stable statc u'c need one more e q ~ ~ a t i o n .  
Such can he the normal i~ing condition 

cxprc\sing the fact that the u~liole quantitq of ACh is 
cons(ant in thc volume H of consideration. I n  view of 
1' 1 '  - ,. I '  - , - . ,, , - 1 ( 8 ' )  becomes 

( 8 ,  I.1, l o  + [',I, I , ,  
+ 1.1 [/I,],, + [R.,I],, + [ S ] , , )  = const. = 1 

Suh\tilutlng ( 9 1  in ( 8 )  u'e get the followingcl~~adratic 
ccluation [or [R -1 I, ,:  

i 10)  x[K,4]; - /i[11.4],, t [ R ]  = 0. 

I t  is easily seen that the root 

I == ( , ' / i 2  + 3x[1<])  ( 2 2 )  of ( 1 0 )  is always in the 
t r v l  0 R 1). \A Iic~-eas the root 

11; = (/i + , /i2 t 4211<]) ( 2 2 )  is aluaysgrcatcr than 
rli 1 .  7'11c1-cl'orc u c  ha\c  

The \ : ~ l ~ l c s  l i ~ r  [:I, I , , .  [.3, I,,. [.3,],,. [RA], ,  and [S],, 
~ 1 1 ~ 1 5  ohtained determine the stable statc of the system. 

In 01-clcl- to gel a n ~ ~ ~ i i e r i c a l  solution o f ( 6 )  u'e L I S ~  the 
i~npro \cd  l!~~lcr's method. Denoting for brevity 
I ]  - Y,.  [ , l , ] ( i j l  = yj. [.4,](r,) = z,. [S l i t , )  

K,,(r,) = K,,,,. u e  0btiii11 the following sqstem of 
difTel-encc equations: 

. , ! I  I - , ,  -.\-, + / I K ~ . , ( I . ,  - Y , ) .  

.,'" I I = + I1 [ K ,  .,(.\, - !,,I - K , > . , ~ I ~ ~  - 1, 1 

+ K,<(l \ , ;  - I.,)]. 
. . ( A 1  , - - - t [ k 1 (  ~ j ) i . K , ~ l . - ~ i , ) ~ , ] .  

. . ( I 1  - , , - 11, + ll[K,(c. II~):, -- K,,II,]. 

.,!>I , , - - I\,, t ~ [ K , , I I ,  - K,,.(!., - \\.,),.I.]. 

and the initial values .\,,.!.,,. :,,. I\,,, and [ I , ,  h a \ c  alrcacl) 
hcen c o ~ n p ~ ~ t e d  hq means o f ( 9 )  and ( I I ). 11 i \  n p~-opcl.l) 
chosen step. We recall that K ,,, = K v , +  k,,,,,. 
j = 1.2.. . . . depend o n  the input sequence I,, - I , ( / , )  

and K , , ,  are defined b) 

Our  algorithm is as follows: 
( I )  Give arbitrarq input values to the ~ ~ n l \ n o w n  

parametel-s 11, h,  r:, K. k ,,,,. K,.  K,,. K,, and [K].  
( 2 )  Determine the root [I , ,  = [Rrl] , ,  o f (  10) by mean\ 

of ( I I ). 

(3 )  Using Ir,, determine .Y,, = [A, I , , ,  I , , ,  = [ . - I i  I , , .  
IV, = [S] , ,  and ;,, - [.3,],, by means or ( 9 ) .  

(4)  Using an input function I,, = \ , ( I , )  solve the 
system ( 1 2 )  with a properlq chosen step 11. 

( 5 )  Observe whctlicr the f ~ ~ n c t i o n  I I ( I )  = [ R , l ] ( i )  
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I I ~ .  Za. I n p u t  function K , ] ( t )  used in example 1 

function 1'(t). I f  this is not the case then go to ( I )  with 
othcr values of the parameters. 

After a great number of such experiments the 
computer sin~ulation approach gave finally very good 
rcsults. Some of them are presented below. 

The following input values are common for many 
cxpcriments: 11 = 0.1, h = 0.5. i :  = 0.01, K = 2.0. 
K,,, = 0.5, r  = V2/V, = 0.2, r ,  = V,/V, = 1.0, K, = 

0.5, K, = 2.5, [ R ]  = 1. h = 0.05. 
In our examples the input function v ( t )  is defined by 

Fig. 3a. The i n p u t  function used In examplc ? 

\ , ( t i  =( 

Fig. 3h. The output function ohtaincd in cxamplc 2 

'0, (t [ to , r , l ,  

( I /2 )K, , ,oc .o t l i ' ( r1" ; (co  + Kp,O - Kp,Orr ' (L-L" 1, 

t E  [ t l .f21. 

l ' ( 1 , ) .  t €  [t,,r3], 

( 1 /2)Kl, ,oc~oef2' '4~L'/(co + K,,," - Kp.0eF2(14 ' '  i, 

( €  [f,,t,]. 

transmission, the train of impulses appears a t  the 'exit' 
with some retardation. 

The conductivity of the presynaptic membrane is 
K,,(r) = Ki ' ( t )  + K ,,,, = 21'(t) + 0.5. The form of this 
function is clear from Figs. 2a and 3a. 

E .YI IMI~ /L~  I .  Here the parameters are r  = 0.2, 
[ R ]  = 2, K ,  = 2.5, K, = 0.5, K,,, = 0.5, tr = 0.1, 
h = 0.5, K, ,"  = 0.5, i : l  = c2 = g, co = 2. 

The graphs of the functions K, and [RA] are 
presented on Figs. 2a and 2b respectively. It is clearly 
seen that both functions have similar behaviour. The 
maximum value of [RA]  is reached a little later than 
the maximum value of K,. This reflects the fact that 
due to the chemical mechanism of the impulse 

Exumplr 2. In this example we have chosen the 
following values for the parametres: r = 0.5, [ R ]  = I, 
K, = 2.5, K, = 0.5, K,, = 0.5, tr = 0.1, h = 0.5, 
K,,, = 0.5, c l  = 1, c2 = 5, c,, = 10. 

The input function ~ ( t )  in this example increases 
slowly and falls down quickly (indeed we have r : ,  = 1 
in ( t , ,  t 2 )  and c, = 5 in ( t , ,  t,). 

Figures 3a and 3b show the curves K,(t) and 
[RA](t) ,  respectively. The observation of the forms of 
these curves leads us to  the same conclusions as in 
example 1 

The computer experiments show that the assum- 
ptions outlined in the introduction give the basis of a 
plausible mechanism for the transmission of impulses 
through the synapse. The results of the simulation 
qualitatively match with the results in real experi- 
ments. 

We hope that it is possible to  model different 
physiological, extreme and pathological states of the 
nerves and other systems on the basis of the proposed 
mechanism. The results of such a modeling can be 
compared with available data  of real experiments. The 
model can also be used for simulation of the structural 
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